Reversed structures of artificial spin-ice systems, where elongated holes with elliptical shape (antidots) are arranged into a square array with two orthogonal sublattices, are referred to as anti-squared spin-ice. Using Brillouin light scattering spectroscopy and plane wave method calculations, we investigate the spin wave propagation perpendicular to the applied field direction for two 20 nm thick Permalloy nanostructures which differ by the presence of single and double elliptical antidots. For the spin waves propagation along the principal antidot lattice axis, the spectrum consists of flat bands separated by several frequency gaps which are the effect of spin wave amplitude confinement in the regions between antidots. Contrarily, for propagation direction at 45 degrees with respect to the antidot symmetry axis, straight and narrow channels of propagation are formed, leading to broadening of bands and closing of the magnonics gaps.
Introduction
Artificial spin-ice systems, i.e. close-packed arrays of single domain magnetic particles, have been largely investigated in the recent past. 1, 2, 3, 4, 5 The magnetic elements in these structures are made of soft ferromagnetic materials and are shaped with sizes too small to support more than one magnetic domain while small edge-to-edge distance allows significant magnetic stray fields coupling between neighboring elements that can extend across several neighbors. Usually, particles have the shape of elongated rectangular or elliptical dots with one long axis, such that a large uniaxial shape anisotropy dominates the magnetic properties, and geometric arrangements are chosen to introduce magnetic frustration in analogy to microscopic spin-ice studied in the bulk materials. 6, 7 The spin wave (SW) properties in the GHz frequency range have been investigated in individual rectangular magnetic islands, in clusters and in arrays 8, 9, 10, 11, 12 as a function of magnetic field strength and orientation. For example, several groups have studied eigenmodes of a two sublattice elliptic-disks array aligned parallel and orthogonal to an applied magnetic field. 13, 14, 15 In turn, the magnetization dynamics of the corresponding reverse structures, defined as anti-spin ice (ASI), have been scarcely investigated. 16, 17 The ASI system is similar to that of an antidots lattice (ADL), i.e., there is a lattice of holes (antidots) drilled in a thin film. 18, 19, 20, 21, 22 The principal difference is determined by the rectangular or elliptical holes shape accompanied by their specific arrangement. As a consequence, the film is divided into regions which for different directions of the SW propagation and can be treated as isolated or connected. 23 This leads to specific effects in the SW dispersion.
In this paper, we provide the analysis of the SW spectra in two anti-square spin-ice lattices based on single, anti-square spin ice (ASSI), and double, anti-coupled square spin ice (ACSSI), antidots in the shape of elliptical holes. We studied the SW dispersion measured by Brillouin light scattering (BLS) spectroscopy for two different in-plane directions of the magnetic field applied along the square lattice axis (φ = 0°) and along its diagonal (φ = 45°). The obtained results are theoretically explained by using the plane wave method (PWM), which has proven to be a very efficient tool for calculating both the frequencies and the spatial profiles of excitations in different types of periodic structures such as photonic, 24 phononic, 25, 26 magnonic 27 or magphonic (magnetophononic) crystals. 28 In the case of magnonic crystals (MCs), this approach is useful for the periodicity of any dimensionality from 1D to 3D, as well as for quasiperiodic structures. 29, 30, 31, 32, 33 We show that the specific structure of the system leads to the channeling of the SW propagation in certain directions. This is a consequence of the SW amplitude concentration in regions separated by antidots or in channels between antidots depending on the wave vector direction. In the first case SW confinement leads to the non-propagating waves reflected in flat bands in the dispersion relation while in the second case SWs freely propagate in channels. The specific structure of the investigated systems and the double periodicity existing in some particular directions, cause additional band gaps to open. Comparing results for ASSI and ACSSI bring us to some conclusions concerning possibilities for the tuning of the SW spectrum.
The paper is organized as follows. In the following three sections we describe the sample fabrication process, the BLS measurements details and the theoretical approach used, respectively. In the fifth section, we discuss the obtained results both from the experimental and theoretical point of view. In section six, we provide theoretical analysis concerning possibilities for the tuning of SW spectra. The paper is completed with conclusions.
Sample fabrication
The array of two-dimensional nano-islands over an area of 4×4 mm 2 was patterned on a resist film using deep ultraviolet lithography at 193 nm exposure wavelength. Details of the fabrication process for the 248 nm exposure wavelength system, which has been adapted for this work, have been described elsewhere. 34 Shown in Fig. 1 was achieved using AZ MIF 300 developer. Scanning electron microscopy (SEM) was used to verify the completion of lift-off and to confirm the critical dimensions of the pattern. Shown in Fig. 1 (b) is the representative SEM micrograph of the ASSI structures taken after the removal of Al 2 O 3 patterns. As labeled in the image, the dimensions of the holes are 460 nm × 230 nm. The spacing between the nearest neighboring holes is 240 nm. By introducing a dimer, another structure, as shown in Fig. 1 (c), with coupled holes was also fabricated. The gap between adjacent holes in ACSSI is around 60 nm. The lattice constant of the 2D square lattice is 900 nm and 1200 nm for the ASSI and ACSSI samples, respectively. Here φ is the angle between the applied field (H) and the principal antidot lattice axis.
BLS measurements
BLS spectra from thermally excited SWs were recorded in the backscattering configuration where the incident light, from a single-mode solid-state laser operating at λ = 532 nm, is focused on the sample by a camera objective of numerical aperture NA = 0.24. 35 The scattered light is collected by the same objective and is then sent to the Sandercock-type (3+3)-tandem Fabry-Pérot interferometer to be analyzed in frequency. This geometry allows one to maximize the in-plane component of the wave vector exchanged in the scattering process and to select the wave vector 34. Fig. 2 shows the comparison between BLS spectra measured at normal light incidence (k = 0) for the ASSI and ACSSI samples for the two investigated field orientations, i.e. φ = 0° and φ = 45°.
Spectra measured for φ = 0° are quite similar for the two samples, showing a narrow very intense peak and another with smaller intensity at the lower frequency. The number of peaks increases when the field rotates by 45°. These features are further investigated in dependence on the wave vector magnitude, the results are shown in Fig. 3 and Fig. 5 , where the measured dispersion for the ASSI and ACSSI, respectively, is compared to PWM calculations. 
Theoretical model
We use the classical continuous medium approach where the magnetization dynamics M r can be described by the damping-free Landau-Lifshitz (LL) equation: 
where N is the number of plane waves used in the Fourier/Bloch expansion. For the planar MC and the external field aligned in the plane of periodicity the elements of the above matrix are following: 
where following symbols are used: ( ) In the first approximation, BLS intensity is proportional to the square modulus of the fundamental harmonics, i.e., the zero reciprocal vector Bloch coefficient, of the dynamic magnetization
The important point is that the PWM works properly for bi-component MCs, i.e., when composite consists of two magnetic materials. In the case of ASI there is no magnetic material inside the holes. This leads the LL equation to be undefined in the area of antidots and the method breaks down. The way to avoid this problem is the usage of an artificial magnetic material to be included in the simulation area of the holes. Setting the saturation magnetization of this material much smaller than in the normal magnetic material which is the base of the ASI, splits the solutions into two groups. The first group consists of modes with the dynamic magnetization concentrated in the normal magnetic material and these are physical solutions. On the other hand, the modes in the second group are modes existing mostly in the antidots, thus being unphysical solutions. To eliminate such spurious modes from the spectra, one can shift these unphysical modes up to high frequencies by introducing strong uniaxial magnetic anisotropy inside antidots. 42, 43 
BLS results -experiment and theory
In our calculations, we use material parameters for Permalloy estimated from comparison (Fig. 3a) we see a set of discrete modes with very small frequency variation in the wave vector range investigated, thus forming well separated flat bands; for φ = 45° (Fig. 3b ) the lowest frequency mode detected in the BLS spectra is characterized by a significant dispersion with a positive group velocity and thus recalling the dispersion characteristic for the DE mode of the continuous (unpatterned) film. However, even in this configuration, two flat bands joining dispersive mode at higher frequency are visible. Along the external field, the demagnetizing one continuously changes from zero to minimum (negative, -255 µT) near the border of the hole. This leads to fast but continuous decrease of the effective field. In the perpendicular direction, which is the direction of the SW propagation considered in this paper, the demagnetizing field rises slightly (up to 85 µT) thus the effective field forms sharp edges at antidots borders. In Figs. 3c-g we show the SW profiles of some selected modes for the ASSI structure for φ = 0° (the modes are marked in Fig. 3a with red spots and labeled with respective letters). The dynamic magnetization calculated by means of the PWM is complex number so in all profiles the color of the plot refers to the argument (phase) of the magnetization and its intensity to the modulus (the amplitude of the magnetization precession) as it is depicted in the inset -darker color means bigger amplitude while white negligibly small. Each mode is a typical and highly intense representative of one of the BLS bands. The first profile is taken for the lowest mode visible in the BLS spectrum for k = 0 (Fig. 3c) . The magnetization precession is all-in-phase along the direction of k and has a large calculated BLS intensity up to k about 0.23 x 10 7 rad/m (Fig. 3a) .
The amplitude of this mode is confined to small areas along sides of antidots orthogonal to the field direction and strongly concentrated in regions A (compare Fig. 4a ). Here we would like to notice that terms 'concentration' and 'localization' are not equivalent. Localization is accompanied with the exponential decay of the amplitude of the magnetization precession (at least in some directions), it usually refers to localization on defects (point, line or plane defects). Concentration depicts the tendency of the dynamic magnetization just to enhance the amplitude in some areas rather than the others, which can be replicated in each unit cell. Of course, localization entails concentration, usually very strong, but concentration does not necessarily mean localization. Next profiles shown in Figs. 3d-g are taken for the higher BLS bands. All these modes are confined almost solely to regions A. In general, the profiles of these modes have SW amplitude concentrated in the regions between antidots. As a consequence, an individual SW has very small group velocity and the bands are flat in the BLS spectra, seen in Fig. 3a .
In Figs. 3h-l the SW profiles of some particular modes for ASSI structure with 45° rotated external magnetic field are shown (depicted in Fig. 3b with red spots and corresponding letters).
Again, the first one (panel h) is the lowest mode visible in BLS but now the profile shows the amplitude concentrated in well-defined channels confined between edges of the antidots. 21, 44 Please notice that the profile in Fig. 3h is taken for the FBZ center, i.e. for the wave of infinite wavelength. If we move to k > 0 the mode becomes propagating but its profile is still concentrated in channels along the wave vector. Within these propagation channels, about 240 nm wide, the group velocity estimated from PWM is about 610 m/s, which results in a broad magnonic band.
This leads to a series of anti-crossings with higher modes with the typical curvature of the frequency branches found in calculated spectra in Fig. 3b The shape of the demagnetizing field determines also the existence of two flat bands in the SW spectrum around 14.1 and 16.7 GHz for the tilted external field (Fig. 3b) . The SW profiles for these bands are shown in Figs. 3k and l. In contrary to the ascending modes, here we have a concentration of the SW amplitude between antidot edges which are close to each other along the direction of the SW propagation (perpendicular to the external field). At these edges the demagnetizing field is positive, and thus in this direction we have very sharp edges of the effective magnetic field (see Fig. 4b ). The concentration of the amplitude in the small areas between antidots leads to the similar effects as it was in the case of the non-rotated field: a limited range of frequencies available for an individual SW. So again, related frequency bands are flat.
For ACSSI structure in Fig. 5a and b we compare the experimental (blue diamonds) and theoretical (brown lines) SW dispersion for both directions of the external magnetic field. In calculated spectra, only high BLS intensity modes are shown (the darker color depicts higher calculated BLS intensity). Successive Brillouin zone borders are marked by dashed lines. The lattice constant equals 1200 nm thus for φ = 0° the FBZ border is at k = 0.26 x 10 7 rad/m (point X) and for φ = 45° the FBZ corner is at k = 0.37 x 10 7 rad/m (point M). The results are in good agreement and the overall tendency is the same as it was for ASSI structure -dominating flat bands for the external field along the main crystallographic axis and ascending ones for the rotated field. The difference is that now we have more modes visible in BLS spectra. Especially in Fig. 5a the calculated frequency branch around 12 GHz is doubled (compare Fig. 3a ) and in Fig. 5b in the range of frequencies between 11.5 and 13.0 GHz experimental points, as well as calculated ones, are scattered rather than arranged in bands. were very different and such twin-modes did not exist.
For φ = 45° the lowest mode in the BLS spectrum (Fig. 5f ) is analogous to that in ASSI, i.e.
freely propagating in the channels between antidots (with the group velocity estimated from PWM results c.a. 520 m/s). Consequently, the lowest visible mode ascends in frequency with increasing wave vector. Alike in ASSI, for the ACSII structure also localized modes exist. An exemplary profile is shown in Fig. 5g for a mode forming a flat band just above 14 GHz in the spectrum in Fig. 5b . The very rich BLS spectrum between 11.5 and 13.0 GHz is a result of similar areas of Py in regions A and B in ACSII. As we have already noticed, this causes additional modes to be of high BLS intensity -see twin modes d and e in Fig. 5 . An additional example is shown in Fig. 5h. This profile is spread out in both regions thus exhibits a rather non-propagative character.
Tailoring of the frequency spectrum
To gain more insight into the SW spectra in ASSI and ACSSI, we perform a detailed analysis of the calculated frequency dispersion of all modes. Full information about the magnonic band spectra will be useful for further investigations of the SW transmission in ASSI or ACSSI, where the multimodal interaction could take place and influence the propagation of waves. The results of calculations for both directions of the external field H are shown in Fig. 7 (a) and (c) for φ = 0° and in Fig. 7 (b) and (d) for φ = 45°, for both samples: ASSI (panels a and b) and ACSSI (panels c and d).
All spectra are limited to the FBZ and up to 13 GHz, only. The color of lines depicts calculated BLS intensity: olive branches will be invisible in BLS while brown shall be visible -darker line means greater intensity. The additional complexity of the magnonic band structures is present here which was not visible in the BLS spectra in Figs. 3 and 5 , where only lines with high intensity were shown.
The SW band structures are very dense in terms of the number of magnon states per unit frequency, but still, directional magnonic band gaps are visible (blue rectangles). Interestingly, for φ = 0°, the band gaps are opened only at the Brillouin zone boundary or center, while for φ = 45° they appear also at intermediate k-values, being the widest (ASSI) and the second widest (ACSSI) gaps in the spectra (see Fig. 8 for an explanation). As it was shown in the previous section for φ = 0° case, SW profiles are concentrated either in region A or B. In ASSI these areas are very different while in the ACSSI they are similar (see Figs. 4 and 6 ), thus it leads to the opening of new band gaps in the ACSSI (compare Figs. 7a and c) , and separation of both types of excitations (confined to regions A or B). For φ = 45° most of these gaps are closed (Fig. 7d) due to the propagation of SWs in the channels, discussed already in the previous section. k . We attribute this lack of the full symmetry also to the rotation of adjacent antidots. Obviously, the original periodicity of the square lattice is maintained for any propagation direction. The SW profile at the border of the FBZ (for 45°-propagation) of the original square lattice of ASSI structure is shown in Fig. 8c . This is the mode from the bottom bound of a Bragg gap. Typically for the square lattice, the distance between neighboring lattice planes is 2 / a , which gives the separation of neighboring rows of antidots. According to the profile in question, the phase shift of the dynamic magnetization at this distance is π, as it should be.
Figs. 8d-f present three modes delimiting band gaps in the case of rotated field in ACSSI.
Modes d and e are lower and upper bound of the gap opening around the middle of the FBZ. Their properties are similar as it was for ASSI structure -they are concentrated in different regions.
However, the band gap opening is at 92% of The last profile in Fig. 8 , f, is for the lower bound of the next band gap (the widest in the spectrum) at the FBZ border and it has appearance typical for the Bragg gap with the opposite phase at neighboring crystallographic lines perpendicular to the propagation direction. (Similar effect, namely three mode hybridization and the matching of hybridizing modes profiles can be found also in other systems, e.g., in circularly magnetized disks and rings.) 47, 48 Among these three modes, there is one which starts at n = 21 and k = 0 with the profile strongly concentrated in region B (Fig. 9d) . Please notice that this mode is not of fundamental kind, because there are small peaks with opposite phase near the corners of the region A. This mode passes through the spectra with a positive slope having strong and almost constant BLS intensity. With growing wave vector after crossing next higher mode, it hybridizes with the mode n = 23 (the profile for k = 0 is shown in the panel e) around k = 0.11 x 10 7 rad/m (Figs. 9g and h ). In this hybridization, the fundamental mode is involved, as can be seen in Fig. 9f -the strong dynamic magnetization amplitude in the region B indicates the influence of the profile d. This is also reflected in the anti-crossing of the modes in question with its characteristic curvature of frequency branches.
Conclusions
In the paper, we have investigated experimentally with BLS, and theoretically with PWM the dispersion relation of SWs propagating perpendicular to the external magnetic field in two anti-ASI structures consisting of single (ASSI) and double (ACSSI) elliptical holes in Py film arranged into a squared lattice. Overall, good agreement between calculated and measured dispersion relation has been found. We demonstrated, that by rotation of the external magnetic field by 45°
we can transform the magnonic spectra from consisting of predominantly non-propagative waves into the spectra of propagating SWs with a number of hybridizations. We showed, that in both structures the Py film with antidots can be regarded as split into small regions A and B, surrounded by long and short sides of the elliptical holes, respectively. These regions can be treated as isolated or connected depending on the SW propagation direction. This results in three main types of the SW profiles. For propagation along the main axis of the antidot lattice the SWs are strongly confined to the regions A and B, which leads to flat bands and several band gaps in the spectrum.
For 45° direction the opening of propagation channels for SWs leads to broadening of the bands consisting of modes excited along these channels. In this case, the majority of band gaps are closed. The third type of modes has the profile mostly localized at the ends of neighboring antidots close to the deep wells of the demagnetizing fields. Strongly constrained profiles cause only slight changes of the frequency with the wave vector. Thus, the specific structure of the ASI leads to the channeling of the SW propagation in certain directions. All the above features originate in the specific structure of the ASI systems in which the lattice of antidots divides the thin film into regions. Such regions are not present in the standard antidot lattices.
